IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

The nested Bethe ansatz for 'all' open spin chains with diagonal boundary conditions

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
2009 J. Phys. A: Math. Theor. 42 205203
(http://iopscience.iop.org/1751-8121/42/20/205203)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.154
The article was downloaded on 03/06/2010 at 07:47

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/1751-8121/42/20
http://iopscience.iop.org/1751-8121
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

IOP PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND THEORETICAL

J. Phys. A: Math. Theor. 42 (2009) 205203 (35pp) doi:10.1088/1751-8113/42/20/205203

The nested Bethe ansatz for ‘all’ open spin chains with
diagonal boundary conditions

S Belliard and E Ragoucy

Laboratoire de Physique Théorique LAPTH UMR 5108 du CNRS, associée a I’Université de
Savoie BP 110, F-74941 Annecy-le-Vieux Cedex, France

E-mail: samuel.belliard @lapp.in2p3.fr and eric.ragoucy @lapp.in2p3.fr

Received 10 February 2009, in final form 1 April 2009
Published 29 April 2009
Online at stacks.iop.org/JPhysA/42/205203

Abstract

We present in a unified and detailed way the nested Bethe ansatz for
open spin chains based on Y(gl(n)), Y(gl(m|n)), I/A{q(gl(n)) or @(gl(mm))
(super)algebras, with arbitrary representations (i.e., ‘spins’) on each site of
the chain and diagonal boundary matrices (K*(u), K~ (u)). The nested Bethe
ansatz applies for a general K ~(u), but a particular form of the K*(u) matrix.
The construction extends and unifies the results already obtained for open spin
chains based on the fundamental representation and for some particular super-
spin chains. We give the eigenvalues, Bethe equations and the explicit form
of the Bethe vectors for the corresponding models. The Bethe vectors are also
expressed using a trace formula.

PACS numbers: 02.20.Uw, 03.65.Fd, 75.10.Pq
Mathematics Subject Classification: 81R50, 17B37

1. Introduction

The systematic studies of the open spins chains using the R matrices formalism start with the
seminal papers of Cherednik [1] and Sklyanin [2], who generalized to these models the QISM
approach developed by the Leningrad school. They introduced the reflection algebra as the
fundamental ingredient to construct the Abelian Bethe subalgebra and ensure integrability of
the model. This algebra is a subalgebra of the FRT algebra introduced by Leningrad group for
the periodic spin chains (for a review, see e.g. [3] and references therein). The boundary
conditions are encoded in two matrices, K~ (u) solution of the reflection equation, see
equation (3.8) below, and K*(u) solution of the dual equation, see equation (3.14). With
these matrices and the standard closed spin chain monodromy matrix, one can construct a
transfer matrix that belongs to the Bethe subalgebra. The existence of this subalgebra leads to
the integrability of the model when the expansion of the transfer matrix as a series provides a
sufficient number of operators in involution. In the following, we consider that this number is
sufficient.

1751-8113/09/205203+35$30.00  © 2009 IOP Publishing Ltd Printed in the UK 1


http://dx.doi.org/10.1088/1751-8113/42/20/205203
mailto:samuel.belliard@lapp.in2p3.fr
mailto:eric.ragoucy@lapp.in2p3.fr
http://stacks.iop.org/JPhysA/42/205203

J. Phys. A: Math. Theor. 42 (2009) 205203 S Belliard and E Ragoucy

After proving integrability of the model, the next step is to find the eigenvalues and
eigenvectors of this Bethe subalgebra. It depends on the choice of the boundary matrices.
Focusing on diagonalizable boundary matrices, two main cases can be distinguished: K*(u)
and K~ (v) are diagonalizable in the same basis; or not.

Very little is known in the latter case, apart from two recent approaches developed for
the XXZ spin chain and that do not rely on the (nested) algebraic Bethe ansatz [4-6]: in [7],
the reflection equation is replaced by a deformed Onsager algebra (which may be another
presentation of the reflection algebra); and in [8], eigenvalues are computed using generalized
TQ relations when K ~ (1) and K*(u) obey some relations, or when the deformation parameter
is root of unity.

The first case can be divided into two sub-families, depending whether (i) the
diagonalization matrix is a constant or (ii) depends on the spectral parameter. Again, in the case
(ii), only some results are known from the gauge transformation construction of [9-11], that
allow us to relate non-diagonal solutions to diagonal ones via a Face—vertex correspondence.
Case (i) is the one studied by the analytical Bethe ansatz [12] and corresponds to diagonal
matrices

K~ (u) = diaglk™ @), ..., k™ (), k@), ..., kW), (1.1)
K*(u) = diag(k* (u), .. W R W, . FW). (1.2)

Indeed, using this ansatz, eigenvalues of the transfer matrix can be computed for all (open
or closed) chains based on g/(n) and gl(m|n) (super)algebras and their deformation, and
with arbitrary representations on each site [13—15]. It is in general believed that a nested
(algebraic) Bethe ansatz (NBA) can provide the eigenvectors of the corresponding models.
This was shown in a unified way in [16] for closed spin chains.

We present here the open spin chains case. We will show that the standard NBA approach
does not work in the general case. Keeping a general diagonal solution for K~ (u), one needs
to take a, = 0 or a, = 1 to perform a complete nested algebraic Bethe ansatz. In this case, the
couple (K~ (u), K*(u)) will be called a NABA couple. When one studies an open spin chain
possessing a couple of diagonal matrices (K~ (u), K*(u)) that is not of type NABA, one can
start the first step of the NBA approach, but then needs to switch (and end) the calculation
with an analytical Bethe ansatz, as has been done in e.g. [10, 11, 17].

In the present paper, we focus on NABA couples. Performing NBA, we compute the
Bethe ansatz equations, the eigenvalues and the eigenvectors of the corresponding transfer
matrix and show where the constraint a, = 0 or a, = 1 is needed in the calculation. Our
presentation considers universal transfer matrices in the sense that the calculation applies
to transfer matrices based on g/(n) and gl/(m|n) algebras and their deformation, with any
finite-dimensional irreducible representations of the monodromy matrix. In particular, it
encompasses the preview results obtained for fundamental representations [10, 17, 18].

In addition to the derivation of the Bethe ansatz equations and transfer matrix spectrum,
our main result is the explicit construction of the Bethe vectors. This is reflected in e.g. the
trace formula (see theorem 7.1 at the end of the paper).

The plan of the paper is as follows. In section 2, we introduce the different notations
and R-matrices we use in the paper. Then, in section 3, we present, using the FRT [19]
formalism, the algebras concerned with our approach. They are generalizations of loop
algebras (quantum algebras or Yangians, and their graded versions) and denoted Ap,,. They
contain as subalgebras the reflection algebras, denoted ®,,. We also construct mappings

/Dm\nﬁgm—un—)'”—)@m or 9O
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that are needed for the nesting. In section 4, we present the finite-dimensional irreducible
representations of Ap, and we compute the form of 77'(u). We also construct the
representations of D, from the Ay, ones. In section 5, as a warm up, we recall the
algebraic Bethe ansatz, which deals with spin chains based on gl(2), g/(1]1) algebras and
their quantum deformations. Then, in section 6, we perform the nested Bethe ansatz in a very
detailed and pedestrian way and up to the end. Finally, in section 7, we study the Bethe vectors
that have been constructed in the previous section, showing connection with a frace formula.
As a conclusion, we discuss our results and present some possible applications or extensions
of our work.

2. Notations

2.1. Graded auxiliary spaces

We use the so-called auxiliary space framework. In this formalism, one deals with the multiple
tensor product of vectorial spaces V ® - - - ® ), and operators (defining an algebra .4) therein.
For any matrix-valued operator, A := ), JEij®a;; € End(V) ® A, we set

A=) TIP* V@ E; @ 1P @ a;; € End(V®") ® A, 1<k<m, 2.1
ij
where E;; are elementary matrices, with 1 at position (i, j) and O elsewhere. The notation is
valid for complex matrices, taking .4 := C and using the isomorphism End (V)  C ~ End(V).
We will work on Z,-graded spaces C™". The elementary C™™ column vectors ¢; (with
1 at position i and 0 elsewhere) and elementary End(C™™) matrices E; ; have grade:

lei]l = [i] and [Eij1 =[]+ [/]. (2.2)
This grading is also extended to the superalgebras we deal with, see section 3.1 below. The
tensor product is graded accordingly:

(@ij ® ar)(apg ® ars) = (=)D (050, @ ayay). 2.3)
The transposition (.)" and trace str(.) operators are also graded:
m+n m+n m+n

Al = Z (—DHVHIVE; @ a;;, StrA = Z(—l)man‘ for A= Z Ei; ® aij.

ij=1 i=1 i,j=1

2.4
To simplify the presentation we work with the distinguished 7,-grade defined by
) 0, 1<i<m,
lil = , 2.5)
1, m+l<i<m+n.

Simplification in the expressions follows from the rule [{][j] = [i] when i < j, which is valid
only for the distinguished grade. The non-graded case is recovered setting n = 0 and [k] = O.

2.2. Spectral parameter transformations

For spectral parameter u we use the following notations:

—u  for Y(mln) o fu—E52 for Y(min)
t(u) = 1 =~ u= (m-n) =~
4 for U, (m|n); uq : for U, (m|n);
Lo 1)kl _ho_1y\lk
L u+ 2]( 1) for %)\(m|n) S u 1 3(=1) for %)\(m|n)
ug =M for I, (mn); ug>1" for Uy (mn);

kD = (oL (D) O
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2.3. R-matrices

In what follows, we will deal with different types of matrices R € End(V) ® End(V), all
obeying a (graded) Yang—Baxter equation (written in auxiliary space End(V) ® End(V) ®
End(V)):

Ria(ur, us) Riz(uy, uz) Roz(uz, uz) = Roz(ua, uz) Riz(uy, uz) Rio(uy, uz). (2.6)
The R-matrix satisfies the unitarity relation,

Rip(u, v)Ry (v, u) = ¢ (u, v)IQL, 2.7
and crossing unitarity (see (2.11) below for the definition of R),

Ry (u, v)M R (@), )M =T (u, IS, (2.8)

where ¢ (u, v) and E(u, v) are C-functions depending on the model under consideration, M
is a C-valued matrix defined in appendix A for each model and ¢, is the transposition in the
auxiliary space a. All the R-matrices used here also obey the parity relation:

Riz(u, v)"™ = Ry (u, v). (2.9)

To each R-matrix, one associates an algebra Ay, using the FRT formalism. Below, we focus
on infinite-dimensional associative algebras based on g/(n) and g/(m|n) Lie (super)algebras
and their g-deformation. We denote these algebras A, = Y (n) or U, (n) and Ayn = Y(mn)
or U, (m|n). We will write also Aypp = An. We will encompass all R-matrices of these
algebras writing
m+n
Rip(u,v) = b, )I@T+ Y w;;(u, v)Ei; ® Eji. (2.10)
i,j=1
All functions are defined in appendix B for each case (one can refer to [16] for details and
references). To define the reflection equation, we need another R-matrix:
m+n
Rip(u,v) = Rip(u, 1(v)) = b, )I®T+ > 10w, v)E;j ® Eji.  (2.11)
ij=1
From (2.6) we can deduce the relation between these two R matrices:
Rio(uy, uz) Ry3(uy, uz) Ryz(uz, uz) = Roz(uz, uz) Ryz(uy, uz)Rip(uy, uz). (2.12)
We will also use ‘reduced’ R-matrices R® (u), deduced from R(u) by suppressing all the
terms containing indices j with j < k:

R @, v) = AV @ 1) Rip(u, ) AP @ IV)

m+n
=b@u, I @I® + Y r;;(u, v)E;j ® Eji, (2.13)
ij=k
m+n
where I® =Y "E; Vk (2.14)
i=k

R;? (u, v) corresponds to the R-matrix of! Am+1—kin- We will also use

RE” @, v) = A% @ I7) Rip(u, v)AY @ I7)
m+n
= b(u, v)ﬂ(k) QIP 4+ Z w;;(u, v)E; @ Ej;. (2.15)

i, j=max(k, p)

I We will write, for a generic k, m — k|n, keeping in mind that one should write O|n — (k — m) when k > m.

4
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Note that Rig‘k) (u,v) =R i? (u, v). We define the ‘normalized reduced’ R-matrices:

RE” (u, v) = R5” @, v)  with REY@, RGP w,0) =10 @19, (2.16)

a,(u, v)
3. Algebraic structures

3.1. FRT formalism

The FRT (or RTT) relations [19-21] allow us to generate all the relations between the
generators of the graded unital associative algebra A, ,. We gather the Ay, generators
into a (m + n) X (m + n) matrix acting in an auxiliary space V = C™!™ whose entries are a

formal series of a complex parameter u:
m+n

Tu) = Z Ei; ® t;j(u) € End(V) ® Allu, u 1. 3.1)
i,j=1
Since the auxiliary space End(C™") is interpreted as a representation of Amn, the Z-grading
of Apn must correspond to the one defined on End(C™™) matrices (see section 2). Hence,
the generator #;; () has grade [i] + [j], so that the monodromy matrix 7T (u) is globally even.
As for matrices, the tensor product of algebras will be graded, as well as between algebras and
matrices,

(Eij ® i) (En ® tu(v) = (=D BBy @ 1 g (v). (3.2)
The ‘real’ generators t;;') of Amn appear upon expansion of #;(u) in u. For the (super)
Yangians Y (n) and Y(m|n), #;; (1) is a series in ul:
o
ORI with 1) = 8. (3.3)
n=0

In the quantum affine (super)algebra [22, 23] without central charge case, a complete
description of the algebras requires the introduction of two matrices L*(u). However, in
the context of evaluation representations it is sufficient to consider only 7 (u) = L*(u) to
construct a transfer matrix. Indeed, in an evaluation representation, the choices 7 (1) = L™ (u)
or T(u) = L*(u) — L™ (u) lead to the same operator up to a multiplication function. Then,
the RTT relations take the form:

Rip(u, V)Ti(w)Tr(v) = To(v)T1 () Ri2(u, v). (3.4

A has the following antimorphisms:

m+n
Matrix inversion inv: Tw) — T ') = Z E; ® ti'j (u),
ij=1
: . ~— (3.5
matrix transposition  ¢: Tw) — T'(u) = Z (Eij)' ® ti;(u),
ij=1
spectral parameter inversion ¢: T (u) — T (¢(u)).
A n has a Hopf algebra structure, with coproduct
m+n
ATW)=TwWRTw) = Y (=HIHHDVEHDE @ 1 (u) @ 1 (). (3.6)
ijk=1
More generally, one defines recursively for L > 2, the algebra homomorphism
ALD = (d®E-D @ Ay o AD) with A=A and A" =id. (3.7
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3.2. Reflection algebra and K (u) matrices

The A, algebra is enough to construct a transfer matrix leading to periodic spin chain
models. In the context of open spin chains, one needs another algebra, the reflection algebra
D m|n, which turns out to be a subalgebra of A.,,. Indeed, physically, one can interpret the
FRT relation as encoding the interaction between the spins of the chain. Hence, it is the
only relation needed to describe a periodic chain. On the other hand, in the case of an open
chain, the interaction with the boundaries has to be taken into account. Following the seminal
paper of Sklyanin [2], we construct the reflection algebra and the dual reflection equation for
the boundary scalar matrices K~ (1) and K*(u). We first define the matrix K~ (u) to be the
solution of the reflection equation:

Riz(uy, u2) Ky (uy) Ryt (uy, u2) Ky (u2) = Ky (u2) Rip(uy, u) Ky (uy) Roy (uy, us). (3.8)

Depending on the type of R-matrix one considers, solutions to the reflection equation have
been classified: see [24] for the Yangian and super-Yangian cases; in the other cases, partial
classifications have been obtained in e.g. [17, 25]. In all cases, diagonal solutions of the
reflection equations are known. They take the form (up to normalization),

diaglu —c—,...,u—c_,—u—c_,...,—uU—c_) for Y(m|n),

a m+n—a

2 2 -2 2

K (u) = ~
(@) diag(uz—c%,...,u —c‘,u —cf,...,u_z—ci) for U, (m|n),

3.9

a m+n—a
where c_ is a free complex parameter and a is an integer such that 0 < a < m + n. From this
K~ (1) matrix and the monodromy matrix 7 (z) for closed spin chains, we can construct the
monodromy matrix of the open spin chain:

D) =TwK T (@)=Y Ej®dy;w), (3.10)
i,j=l1
diju) =Y (=) WD e ), ()t (1)), (3.11)
a=1

From (3.4) and (3.8), we can prove that D(u) also satisfies the reflection equation:
Rio(uy, u2) Dy (uy) Ryy (uy, up) Dy(uz) = Dy(uz) Rio(uy, u2) Dy (uy) Ryy (uy, us). (3.12)
This relation defines the reflection algebra . The algebra Dy, is a left coideal [26] of
the algebra A, with the coproduct:

ADp(u) = T[]](u)D[g](u)T[l_]l (¢(w)) € End(V) ® Amjn @ Dmjn, (3.13)

where [i] labels the two copies of Ay . This expression allows us to increase the number
of sites for an open spin chain in the same way one does for periodic ones: one acts on the
monodromy matrix with the coproduct and then represents the new copy of algebra on the
new ‘site’.

We also need a dual equation to construct transfer matrices in involution:

RiaGua, un) (KF 1)) My Ry (e, e(@2)) My (K5 ()

= (K;(Mz))tleRlz(L(ﬁl), b(ﬁz))Mfl(Kf(ul))“ Ro1(u2, uy), (3.14)
where M is given in appendix A. From the property
Rip(uy, us)MiMy = M{MyR15(uy, us), (3.15)
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one can construct solutions to the dual reflection equation using K ~ (u) solutions:

(K*(u)" = MK~ (L(i)). (3.16)
With D(u) and K*(u) we construct the transfer matrix:

d(u) = str(K*(u) D(n)). (3.17)

The reflection equation and its dual form ensure the commutation relation [d (1), d(v)] = 0.
Thus, d(u) generates (via an expansion in u) a set of L (the number of sites) independent
integrals of motion (or charges) in involution which ensure integrability of the model.

3.2.1. Commutation relations of ®mn. Projecting (3.12) on the E;; ® Ey basis we get the
commutation relations for Dy n:

[dij(u), dia (v)} = =54 Z M( 1D g, () dy (0)
a=1

m+n -

+8; Z m’”(u U)( 1)[1]+[a][k]+[a][j]+[k][j]dka(v)daj (u)

0 (u, U) m,a(u v) . .
% b(u, v) Z (=D g )y (v)
10,7 (i, V) o 104 (11, V)

i b(u, v) Z b(u, v)
i (u, v)
b(u, v)
mﬂ(u,v)
b(u, v)

where [x, y} = xy — (—1)¥yx is the graded commutator.

(=)D g ) (1)

=1

(= DT g ) (v)

(_1)([i]+[1])([k]+[1])dkj ()d; (), (3.18)

3.3. Embeddings of ®wn algebras

The algebraic cornerstone for the nested Bethe ansatz is a recursion relation on the D,,,
algebraic structure. In this section, we present a coset construction for ©,,, algebras (see
theorem 3.1), that extends to the coideal property (see lemma 3.2 and theorem 3.3).

Theorem 3.1. Fork = 1,2,...,m+n — 1, let F® be a linear combination of elements
di j,(uy) - - d;y j,(u) with all indices i,, j, > k — 1, and let I be the left ideal generated by
dij(u) fori > jand j < k. Then, we have the following properties:

di;w)F® =0 mod 7y, for i>j and j <k, (3.19)
[dij(u), FOl=0 mod Zy, for i <k. (3.20)

Using the functions ¥ given in (B.2), we introduce the generators:

m+n
DPw) =" E;®dP W, (3.21)

i,j=k
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k—1
A () = diy(u4) — 8 37 PO Ry (@) (04D, (3.22)
They satisfy in ®mn /Iy the reflection equation for D m_g+ijn:
RS (1, uz) DY (1) RS} (uy, u) DS (u2)
= D" (u2) R} (w1, u2) DY () RS dz 3.23
= U, 2) Xy ui, uy) 1 (u1) 21 (u1,up) mod Zy. (3.23)

Proof. We first prove relation (3.20) for k = 2, the case k = 1 being trivially satisfied. A
direct calculation from the commutation relations (3.18) of D, leads to (for i, j, [ > 1):

dj\(wydy(v) =0 mod Ty, (3.24)

[dl-j(u),d“(v)}EO modI2, (325)
;1 (1, v)1W; (1, v)

sy ). iy ()] = —8, = (Z’ e (;’”;) [dyy (). dy;(v)] modZy, (3.26)

[dy (), di;(0)] =0 mod Z. (3.27)

Gathering all these equations, we obtain relation (3.20) for k = 2.

We now prove relation (3.23) for k = 1,2. For k = 1, dl.(jl)(u) = d;;(u), the ideal Z; is
empty, and we have the starting algebra ®,,,, so that relation (3.23) for k = 1 just corresponds
to the standard reflection equation. For k = 2, we use the following commutation relations:

[dij(u),dii(v)} =0 for i,j>1 and [di1(u),di(v)} =0, (3.28)

dijyju)=0 for j>1 modZI,. (3.29)
This implies that for i, j, g,/ > 1, we have

[dP ). df ()} = [di; D), dyy(0P)}  mod Z,. (3.30)

Hence, it just remains to prove that the relation can be re-expressed in terms of dr(s” (u),r,s > 1,
only. For such a purpose, we compute the commutation relations between d; (#) and d ; (v):

"+im'(’) +m1( )
d,-l(u)du(wz(—l)““”[]>[jgu—f‘v;’d11<v>du(u)+6,-j( 1! [”—bé i ()i 0
7110 mi ( 5 )
_ (_1)[11 [l lbéu—bfvl))d”(u)dij(v)
_ Z( 1)(UJ+UJ>W1%dm(u)dw(v) (3.31)
a=1 ’

Using this equation, one can compute2 for any polynomial function f([a], [b], [c], [d]):

m+n

0, D, v)
1 1 1
E (—1)/ @111 1al gD 824”(1) ) diaMYdy (v'D)

m+n

= 3 (el (60 P V) ) 0y 0y
o b(u, v)

i1, V) (M, vM)
b(u, v)a; (u®, vM)

o o
— (= 1)1 WL IgD dyy ()i (v

2 To obtain this equation, we started from the Lh.s. of (3.32), and changed the term a = 1 according to (3.31).

8
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0.1 (u®D, p»
+ (= DD+ QLTI LD w1 (U, V)01 (7, vT7)
b(u, V)& (D, v D)
bt 1 Dy 1 1
it in gy i @, v ) @, v0)
b, v)a, D, D)

dy1 () diy )

+8:(=1) di(uM)dy (). (3.32)

Now using (3.28), we can write the commutation relations for the new operator di(jl)(u) with
(3.18). We extract the term d;; (u)d;;(v) of each sum and using (3.32) we are left with only
operators dy;(u) and d;; (u) with i, j # 1. We use the transformation

i} ) = di @) = 891 @)dfy @), (3.33)

and we obtain the desired commutation relation plus some unwanted terms. It is a
straightforward calculation to find that the unwanted terms cancel for all values of i, j, g,/ €
{2,...,m+n}. This proves that &’i (1) has the same commutation relation as (3.18) with a
sum starting at 2 for i, j > 1. Thus, theorem 3.1 is proved for k = 2.

For k > 2, we first remark that one has 7; C Z;,, so that one can use the results of step
k in the proof of step k + 1. Then, the calculation becomes equivalent to the k = 2 case. The
transformation of D operator for each step is

D® (u) =IO DD u)1®), k> 1 (3.34)
DO ) = 10DV @ D) — gy @*D)a " @ =H1®) 1w, k> 1 (3.35)
DYw) = DY w) =1V Dw)IV = D). (3.36)
A direct calculation using identity (B.10) gives the form (3.22). (]
Lemma 3.2. Fork=1,2,...,m+n— 1, let G® be a linear combination of elements,

iy Ut (@) - i, , (up)ty | (L(up)),

with all indices i, j, g, I > k — 1, and let Jy be the left ideal generated by {t;; (u), ti/j (u)}
fori > jand j < k. Then, we have the following properties:

1;)G® =0 mod J; for i>j and j <k, (3.37)
;)G =0 mod J for i>j and j <k, (3.38)
[t:i (), GP1=0 mod J; for i<k, (3.39)
[t ), GP1=0 mod 7 for i<k (3.40)

Moreover, the generators,

m+n m+n

T =Y EyoiPw  ad T HPw) =Y E; @ ew), (3.4
ij=k i,j=k

10w = ;@) and P @) = o@Dy, (3.42)

satisfy in Awn/Jx the relation:

(k)

(T, @) RE @, va) TP ) = TP @) RE (u, 0@ (T;1) P ) mod Ji.  (3.43)

Proof. As for theorem 3.1, the case k = 1 is just the definition of the algebra and relations
(3.37)—(3.40) do not exist.
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We prove the case k = 2, the proof for the other cases being similar. From the relation

T, () Ria(u, v)Ti (1) = Ty (W) Ria(u, v) T, (v)

one obtains by projecting on Ej; @ E:

m+n

j 10, (v, u)
[100). 11 ()} = 8y Y (= DIIHDIEID 22 ) ()
o (v, u)
m+n 1o (U u)
—3d; 1) UelHah([1+0) Z8at”> 77 4 1 (v).
jg(;( : b,y ™)

From (3.45) we find for i, j, g, 1 # 1:

thhi(v) =0 mod Jo; [t (), t,1(v)} =0 mod J
ta (W) =0 mod J; [t (), te(v)} =0 mod J>.

We also need the following commutation relation proved in [16]:
[4j (W), tr1(v)} =0 mod J>.

In the same way, one can compute
[ti’j(u), 7 (v)} =0 mod J.

(3.44)

(3.45)

(3.46)
(3.47)

(3.48)

(3.49)

Starting from the left-hand side of relations (3.37)—(3.40), a recursive use of commutation
relations (3.46)—(3.49) proves that one gets only terms with #,; (1) and ¢/, (u) on the right, so

that properties (3.37)—(3.40) hold for k = 2.

To prove (3.43), we start again with relation (3.45) with i, j, g, [ # 1 and extract the first

term in the summation:
m+n

[t} (), 1y (0)} = 8y _ (=)D lsivlad

a=2

1w, (v, u)t

b(v, u)

ca (V)1 (1)

m+n

1411)) Wea (U, 1)
—5: — ) UsHaD @+ 8 1 W)ty (v
2 (=D e W )

; wy (v, u)

[j1lg]+[1] /
+ 8 (—Ds o) te1 (V)1 ; ()
W, (v, u)

_sjg(_l)[g]([i]ﬂl]) ti/l )ty (v).

b(v, u)
Inserting in this equation the relations (valid modulo 7):
-— 1014 (v, 1) (v, u)
() = = Y (=D S )y (0) + 85— 1], (1)1 (v),
o ar (v, u) a (v, u)
m+n a1 (v, )
_ I () () = — 1yt arsiin Ratl W) oy
(-1 1)1 (u) ;( ) oy e (V1 @)
1wy (v, u)
+8;; ———11, (W)t (v),

ar(v, u)
[t ), 111 ()] = 0,

(3.50)

(3.51)

(3.52)

(3.53)

and making the transformation # — ¢(u") and v — uV it is straightforward to end the

proof. For k > 2 we use the same argument as in the proof of theorem 3.1.

10
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Theorem 3.3. In the coset Amn/ Tk @ Dmin/Zk, the coproduct takes the form
_1\ (&
ADY W) = TP DY ) (T5) P cw) mod F, (3.54)
where [1] labels the space D n /Ly, [2] labels the space Amn/Jx and A is the coproduct of
Amjn-

Proof. As in theorem 3.1, we just do the proof for k = 2, the other cases follow. From

m+n

Al ) = 8y @Mdi ™) = > {tia@M)ty; (™)) @ dap )
a,b=1
=8 M)t @ty (L)) @ dap (u)),
and using the quotient 7, and 7, it follows:

m+n

Aldij ™) = 891 @M)dn @) = D tia )ty @) & dup (™)
a,b=2

+ i1 (D)t (@) @ diy V) = 8591 )i D)t (w@™)) © diy (uD).
Using the commutation relation (3.45) for the second term we find

Ad;j @y — 891 @Mydy ™))

m+n
= > i@ty @) ® (dij ™) = 8591 )iy @ )).
a,b=2
Theorem 3.1 and lemma 3.2 allow us to generalize this result to each k. ]

4. Highest weight representations

The fundamental point in using the ABA is to know a pseudo-vacuum for the model. In the
mathematical framework it is equivalent to knowing a highest weight representation for
the algebra which underlies the model. Since the generators of the algebra ., can be
constructed from the Ay, ones, see equation (3.10), we first describe how to construct
highest representations for the infinite-dimensional (graded) algebras A, from the highest
weight representation of the finite-dimensional Lie subalgebras g/(m|n) or U, (m|n). Next,
we show how these representations induce (for diagonal K ~(u) matrix) a representation for
D mn With same highest weight vector.

4.1. Finite-dimensional representations of Amn

Definition 4.1. A representation of Aw is called the highest weight if there exists a nonzero
vector Q2 such that

i (W) = 1 (u)2 and ()2 =0 for i>j, “.1)
for some scalars 1 () € C[[u""1]. A() = (M), ..., Amsn(W)) is called the highest weight
and 2 the highest weight vector.

It is known (see [27-30]) that any finite-dimensional irreducible representation of Ay, is the
highest weight and that it contains a unique (up to scalar multiples) highest weight vector. To
construct such representations, one uses the evaluation morphism, which relates the infinite-
dimensional algebra Ap, to its finite-dimensional subalgebra By, (see [16]). From the

11
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evaluation morphism ev, (with a € C) and a highest weight representation 77, of By, (Where
W 1s a B n highest weight), one can construct a highest weight representation of Ay, called
the evaluation representation:

Pl =evsomy t Ampn L Bann LN V. 4.2)
The weight of this evaluation representation is given by A(u) = (A1 (u), . .., Amsn (@), with
u—a—(—Hlnp; for Y(m|n)
Ai(u) = U a o ~ j=1,...,m+n, 4.3)
! (—nl] (;’7;61‘” -4 “’) for U, (m|n)
where uj, j =1,..., m+n are the weights of the By, representation. More generally, one
constructs the tensor product of evaluation representations using the coproduct of Agn,
(i) (1) . (2) . . (L)
(®10h) 0 AP(T (w)) = pli (TW) @ pl (TW) & -+ @ plt (T (w)), (4.4)
where pf = (MY), . Mﬁl)m),i =1,..., L, are the weights of the Bn, representations.

This provides a Ay, representation with weight,
L
O I B O} j=1,...,m+n, 4.5)
i=1
where )»y) (u) have the form (4.3).

4.2. Representations of T~ (u) from T (1)

The construction of the finite-dimensional representations for T~ (u) in relation with the T (x)
ones is different for the g/(n) and the super symmetric cases g/ (m|n). For the g/(n) algebra, the
representations are constructed using the quantum determinant ¢ det(7 («)) and the comatrix
?(u) see [31], while for the g/(m|n) superalgebra, one uses the Liouville contraction, the
quantum Berezinian Ber (T (1)) [32] and the crossing symmetry of T (u).
We define for this section:

u+hk (—D)**s(e) for Y(n) and Y(m|n)
u{k} = { k and ﬁj(O’) = { Io)+imj -~ -~

uq (—q) J for U, (n) and U, (m|n),

where s(0) is the sign of the permutation ¢ and /(o) its length.

(4.6)

A, case. We use the A,, quantum determinant g det(7 («)) which generates the centre of A,,,

qdet(Tw) = Y foo(@) [ ] tiory@tii—n), 4.7)

oeSy i=l

and the quantum comatrix,

T =) Ej;®T;) (4.8)

ij=1

~ -1
fij(u) = Z Jii ()™ tay, @p—n)) -+ tictagoy, Ui—nD tivlage Uiir1—n}) * * * Inagin_r, (@)

o€es,
with (ar,...,an1)=(,....,7—1,j+1,...,n) 4.9)
which obeys ?(M)T(u{l,n}) = g det(T (u)). This equation allows to relate T () to ?(u):
m+n ?:(u )
T™'w) = ) Ey @) = —— (4.10)

q det(T (un_1}))

i,j=1

12
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To write the form of the highest weight irreducible representation for 7~'(u), one first
computes the action of ¢ det(7 («)) and 7;; (1) on Q:

q det(T @) = [ [ ri(ui-n) <, (4.11)

T )2 = i (Upp—n)) - Aie1 W) Aist @gis—n)) - An (U)K (4.12)

Then, since/t;j ()2 =0fori > j, one finds

i—1
) . , b A (U ry) 1
R =402 with Aw) = (,H Ak(u<k_1;)) M) @13)

Q=0 if i>j.

Am|n case. First, one has to prove that €2 is a highest weight vector of 7'~ (). The proof is
done in [15] for the super-Yangian case. The quantum superalgebra I/{ (m|n) case is done in
the following theorem:

Theorem 4.2. For the quantum superalgebra L/{\q (m|n), the highest weight vector Q2 of T (u)
is also a highest weight vector of T~ (u).

1) = A (u)Q and HwQ=0 if i>]. (4.14)

Proof. To prove this theorem we must use the commutation relation between the modes of
T(u) = L*(u)and T~ (u) = (L)' (u) = 3717, L};(w). As L*(u) is a formal Taylor series
in u, its inverse is also a formal Taylor series of u:
o0 o0
Ly =Y L u™ and Ly =Y L{u™. (4.15)
n=0 n=0
Projecting the commutation relation (3.45) on the modes we find the following relation:

m+n

b b b —b
[Lz(;’)’ L(‘I) =38 Z( 1)([£l]+[/])([a]+[k]) ( Z L((1+ )L(P ) o Z L(11+ )Lt(ll]) ))

a=1

m+n 4 P
([1+[11) ([al+[kT) (p—b) (lI+b) - 7 (p—b) y (q+b)
_SkE (=D™ “ ( E LY7L, ckaE:Lia L, )v

a=1 b=0 b=1
with Cail — gF(1-20) _ gsien@-a) (120D (4.16)
From the relation 7 (u)T ' (u) = T~ ' )T (u) = I we find
m+n p m+n P
ZZ( 1)([z]+[a1>([a]+[j])L(q)L(p ) ZZ( )([z]+[a])([a]+[11)LWL(P D = 880
a=1 ¢g=0 a=1 g=0

4.17)

We also know that LS-)) = 0fori < j and that Lf?) has an inverse. First we prove the same
properties for L®. From (4.17), we deduce

m+n
D (=i deastid O T® — o for i+ j. (4.18)
a=1

13
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As L(O) O we find fori = 1 L(O) = 0. By induction on i, we find E(O) =0fori < ] Then,
y ij
m+n m+n

Z( 1)[1]+[a]L(0)L(0) Z( l)[l]+[u]L(0)L(0) 1 (419)

at

implies that L(O)L(O) Lf?) Lf?) =1.

Now, we have to prove that €2 is a highest weight vector of I:l(jp ). We already know that

LPQ=0  for i<j and LY =2"gq. (4.20)
We can write from (4.17) with i > j:
j—1p=1
Z AP q)L(q)Q Z Z(_1)([k]+[a])([i]+[j])ZEZ)LL?—Q)Q' 4.21)
a=1 g=0

To prove that ijp 'Q =0fori < Jj, we use a double induction, on p and on i. We already

proved directly that if?)Q =0,i < j. For p =1 we have

Jj—1 Jj—1
0) 7 (1 k i1+[j]) 7 (O 1 k i+[iDrr © 1
)‘.(i )Llfj)Q - _ Z(_l)([ ]+[a])([l]+[]])l‘§a)L((zj)Q - _ Z(_l)([ ]+[a])([l]+[]])[l‘§u)’ LL]}}Q.
a=1 a=1

Using the commutation relations (4.16) we find
a—1
[L0, L)@ = —g~ ) (g — g =)=y THUDI Z(—1)[b]([i]+[b]+[j])[i§2)’ L}e. @.22)
b=1
We get a triangular system in a, so that the property is proved for p = 1 by induction on a.
For a general p we use the same method.

Finally, we prove that L(p Q= )»(” 'Q. For p = 0, from the equation L(O) L(O) =1, we
already know that LE?) Q= ()»f-o) ) 2. We prove the property of the general case by a double
induction, assuming the property is true for p — 1 and starting from

i-1 p—1

ZA(P q)L(q)Q 80’17 _ (_l)[l]+[u][L(f1) L(P q)} Q. (423)

ia ’ at

<

Il
=}

a=1gq

From the commutation relation we obtain

a q q
L9, 00— 3" ( SO L et SO sz-q+’>}) .

e . = (4.24)
(L9, L9)Q = —¢ "lg — g (DY [LY. L }a =0.
b=1
From the second equation, equal to zero by induction on a, we find
a—1 ¢q
(L5 Li ™"} = =~ (g — ¢~ H (=D Z S[LY, L. (4.25)

b=1 r=1

By induction on ¢ then on a we find the last equality equals zero. Thus, we have the relation:

Z,\“’ DLDQ =5 ,9. (4.26)

It follows that L;?) Q= AE‘”Q with )_Ll@ rational function of )L;q) el Afo). O

14
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Second, we use the crossing symmetry of the monodromy matrix 7,(u) and the quantum
Berezinian to give an explicit expression of the weight of T~!(u). Let us introduce

T*(u) = (T~ (w))". (4.27)
The crossing symmetry takes the form for Ay, (see [15, 33]):
1 m+n )
(T'w) ' = —————MUT* () UM ™! with U =) (-DIE;, (4.28)
Z(u{n—m}) fn=m) Z

i=1
where the Liouville contraction Z(u) lies in the centre of Ay ,. It can be written in terms of
the Berezinian, that itself relies on the quantum determinant (4.7):

Ber(T (1)) = g det(T™ (itm—n_1))q det(T*)™ (t_n)))

m n
= [ [ 2@ [ [ M @tii-n-1) (4.29)
i=1 i=1
Ber(T (u1))) . ~
Zw) = — 2 th g det(T™
() Ber(T (1)) with g det(T™" (u))
n
= Y fool@) " [ [ tismorem @i, (4.30)
o€eSy i=1
with T® (u) = 1T u)I®, ¥ k and T® defined in (2.14). In Agjq C Amjn, We have
(T = z2@)MT™* ()M, 4.31)

where z(u), the A, Liouville contraction, can be written in terms of the quantum determinant:

_ qf(\i-ét(T(n)(um)) _ : Aivm (U{n—is1})

z(u) . (4.32)
q det(T ™ (u)) iy AiamUn—iy)
Lemma 4.3. For the superalgebra Agn, we have
t,(w)Q =1 ()2 and 1w =0 for i>j,
i1
1 A
1_[ A0 for 1<i<m
Ai(wgiony) \g_p Mege—1y)
with M) = . (4.33)
Z A _
@) £ 2me1—i) for m+1<i<m+n.
MiCwpm-ip) \ 25, MUem—k)
Proof. From theorem 4.2, we have
T ()™ *
~1
T7 ()= ( 0 T=1)™ , (4.34)
T* ()™ 0
* _
T ()2 = ( . T* ()™ Q. (4.35)

Multiplying (4.34) by T (u) and (4.35) by UM ™' T' (ttn—m)) MU, one obtains
T™ )T H™we = Q

and
M HNTYY U ) M (THP WQ = Zw)R.
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Finally, upon multiplication by 7™ (u)~! and (T")™ (1)~ one is led to
(T H™we = T"™) W
and
(TH™NWQ = Zw)z(tm-n) (T ™)* (tt(m))Q (4.36)

that gives the lemma. |

4.3. Finite-dimensional representations of ® wn from Ay ones

For the study of the representations of the reflection algebra, we follow essentially the lines
given in [26] for the reflection algebra based on the Yangian of g/(n) and in [15] for the
reflection algebra based on the super-Yangian of gl/(m|n).

Theorem 4.4. If Q is a highest weight vector of A n, with eigenvalue (A (1), . .., Amin (1)),
then, when K~ (z) = diag(fq (u), ..., Kmn (u)), Q is also a highest weight vector for Dy n,

dijw)Q2 =0 for i>j, and di()Q = A; ()2, (4.37)

with eigenvalues:

i—1
A () = K ()i )] (@) + > Y@ F D) Ko (@) () 2 (), (4.38)
k=1
i—1
i (F D,y (uFDyy .
Ki(uw) =k;(u) — Zkk(u) e A al , ) i—k=1-2% 20, (4.39)
S @D @)
Proof. First, we prove d;;(u)$2 = 0 for j < i. One computes
j-1
dij () =Y (=) DRI, )ty ()t (0 ()2 (4.40)
a=1
j-1
==Y ka@)t); (L)), tia(u)}Q.
a=1
Applying the super-commutator on 2 with the constraint a < j < i, one obtains
j—1
0y (14, (1))
[, (1), tia (L(u)}Q = — ; ot o) o) 1)} (4.41)
Considering the case a = j, one obtains
j-1
D Mty (w@)), iy (1)} = 0. (4.42)
b=1
Plugging this result in the former equation, we obtain
i—1
Wa 1.0 (1, (1)) = War1.a (0, (1)) X
[t (), tia (L))} Q2 = . ' [1; (L)), iy (W)}, (4.43)
I 0 (1, 1)) — 10,1 o (1t e1)) ,,:Zm b ’
By iteration (a = j — 1,...,a = 1) one finds
[t (), tia(t(u))}2 = 0, (4.44)

16
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which proves that d;; (u)w =0, j < i.
Second, we prove d;; ()2 = A; (u)<2. Acting on 2 with d;; (u) one obtains
i—1

dii ()2 = 16 (W)hi A} (@) + (= DI, (w)tiq ()t (1)) Q. (4.45)

a=1

One can restrict this problem to the computation of #;,(u)z,,(+(1))2 for i > a in terms of the
eigenvalues A; (#)A(¢(«)). From the relation (3.45), we obtain

]mba (, ¢(u))

(=D ) (L) = — Z( )lime L

tip ()t (L ()2

1w (u, t(u))
+;m ! (@)t (1) 2. (4.46)

Applying (3.45) on Q for i = j = k = [, one finds the identity:

Z—lb(w ) w2 = Z( 1)“*“’]M,b<u)t;i(b(u)>9-
& b, 1) 1)

Let F;; =1 (u)t}i(b(u))Q. Using the two previous equations, one finds for j < i:

oyl o s e) [i1+1a) Wai (U, L))
B = GO ey F”“Z( D e vy e

_ [j1+a]l m(l] (u, (u))
Z( 1l b 260} Fiq. (4.47)

It is then easy (but lengthy) to show that the solution is

Fjj

a; =D,y (u(-i=D))

Fj= (_1)[i]+[j]mij(u(lmj—l)’ L(I/t(]"'j_])))|:

q(i*j*1*2 Zi;lf+1[a])

ai_1 (u(l...i—Z)’ L(u(l...i—Z)))

Mg (u(l...a—l)’ L(u(l...afl)))q(a—j—1—2 27;,-]“[1])

ii

-y Fo . (4.48)
apd a; (0D, (uT-a=D))a, ;a2 4 (yT--a=2))

One must use relations (B.7)—(B.9) between functions. Plugging the value of Fj; into
equation (4.45), after some rearrangement one gets the eigenvalues A; (u). (|

5. Algebraic Bethe ansatz for ®,,;, with m +n =2

In this section, we recall the framework of the algebraic Bethe ansatz (ABA) [34] introduced
in order to compute transfer matrix eigenvalues and eigenvectors. For m + n = 2, one can
consider three different algebras: Doz, D70 and Dy;;. The method follows the same steps
as the closed chain case, up to a preliminary step. We write the monodromy matrix in the
following matricial form:

_ di(u) dip(u)
D = (dZI(M) dzz(u)>' (5.1)
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In the open case the transfer matrix have the form:

dw) = str(K} ) D, () = (—D)Mmik@)di ) + (=D madn (), (5.2)
K*(u) = MK (u). (5.3)

The matrix K is constructed from the solution (3.9):

TG e Yminy
M hTme
i | fora,=0 o JuesEi—es O
W) =) diagk(w). 1) fora, =1 W0 KW= u—2g—mm _ 2 -4

for U, (mn).
uzqm—n —642_ q

Remark that for the particular case m +n = 2, the form chosen for K *(u) exhausts all possible
diagonal solutions. We recall that for K~ (u) we keep the general diagonal solution (3.9). Let
Q2 be the pseudo-vacuum state:

dinm)2 = A ()2, dn(m)2 = A (u)<2, dyy(u)2 = 0. (5.5)

Looking at the commutation relations (3.18) for m + n = 2, one can see that the da; (u)d2(v)
exchange relation is not symmetric to the d;(u)d;>(v) one. In order to compensate this
asymmetry, we perform a change of basis and a shift,

dn@y =dn@),  dp@®)=dnw),  dy@®)=dyw), (5.6)
doy ) = doy () + Y M)d (). (5.7)

The function v (1) is chosen in such a way that it leads to symmetric exchange relations:

di(v)di ), for D50, Doj2
b, v)d 12 (v)d 12 (u), for Dy,

dyWd 1 (v) = §i (u, v)d 1 (V)1 (W) + g1 (1, v)d )y (V) + b1, V)d W dn (), (5.9)
Ay W)d12(v) = Talut, V)d12(V)d2 () + Fo(t, VI 12(W)d22 (V) + o (u, V)12 W1 (V). (5.10)

d(uw)dia(v) = (5.8)

The explicit form of the functions appearing above is given in appendix B. In the new basis,
Q is still a pseudo-vacuum:

A=A we =AM,  diwe=0, (5.11)
dnW)Q = AR = (M) = Y1 @A M), (5.12)
and we can use the algebraic Bethe ansatz as in the closed chain case. The transfer matrix can
be rewritten
d@™) = (=D"m k™) + (=D mayn )y @) + (=D mad ) = dw). (5.13)
Applying M creation operators dia(u ;) on the pseudo-vacuum we generate a Bethe vector:
O((u) = dip() - di2 () Q. (5.14)

Demanding @ ({u#}) to be an eigenvector of d (1) leads to a set of algebraic relations on the
parameters uy, ..., uy, the so-called Bethe equations. The relation (5.8) between creation
operators proves the invariance (up to a function for ©y);) of the Bethe vector under the
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reordering of creation operators. This condition is useful to compute the unwanted terms from
the action of d(u) on ®({u}). We compute the action of d;(«) on ®({u}),

M
du @@ u) = [ [hia, woAi @ u)

k=1

+ ) (M, DAy (i) + Ne, () R () @ (u, {u)), (5.15)
k=1

Oy (u, {u}) = dia(uy) - diopux — u) -+ dip ()2,
where the notation c/l\lz(uk — u) is used to indicate the position of (/Z\lz(u) in the ordered
product. The form of M| (u; {u}) and N;(u; {u}) is easily computed. The other polynomials

My (u; {u}) and Ny (u; {u}) are then computed using the commutation relation between the
d > (u) operators and putting d,(ux) on the left. We obtain

M M
Mi(u, {u) = g1, u) [ [frCuew) — and  NeCw, () = b, u) | [ TG u).
i#k i#k

Similarly, we compute the action of @g(u) on ®({u}),

M
A () ({u}) = (]‘[E(u, m)) Ar ()@ (fu})

k=1

M
+ Y (Ox(u, {uD)Ag (i) + P, {uh) Ay (i) D (u, u)), (5.16)

k=1

M M

Or(u, {u}) = T, u) [ [Fiwe. ) and  Pe(u, {u}) = boCu, u) [ | i wi). (5.17)
i#k i#k

Demanding that ®({u}) be an eigenvector of d (u) corresponds to the cancelling of the so-

called ‘unwanted terms’ carried by the vectors ®;(u, {u}). In this way, we get the Bethe
equations:

Al(uk) 1 k)l—[fz(uk,ui) k=1.....M. (5.18)

Ao(up) T (ug, u;)’

Remark that the r.h.s. depends only on the structure constants of the (super)algebra under
consideration, while the 1.h.s. encodes the representations entering the spin chain. Then, the
eigenvalues of the transfer matrix read:

dw)®({u}) = A@; (uh®({u)), (5.19)

M
A ) = (=D"m k@) + (= D)Pmayry @) AR @) [ ] 1, )

k=1

M
+(=D)Pmy Ay ) [ [Fal. ). (5.20)
k=1

Note that Bethe equations correspond to the vanishing of the residue of A (u; {u#}). This is the
tool used in analytical Bethe ansatz [12] to obtain Bethe equations, see e.g. [13, 15].
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6. Nested Bethe ansatz

6.1. Preliminaries

The method, called the nested Bethe ansatz (NBA), consists in a recurrent application of the
ABA to express higher rank solutions using the lower ones. It has been introduced in [6] for
the periodic case. The same method can be used for the boundary case. In this way, we can
compute the eigenvalues, eigenvectors and Bethe equations of the ®,, model from those of
the ©, or ©;); model. Although we are in a (tensor product of) representation(s) of Dy n,
we will loosely keep writing d;; (u) the representation of the operators d;;(u), assuming that
the reader will understand that when d;; (1) applies to the highest weight €2, it is in fact its
(matricial) representation that is used. Another way to understand this method in an algebraic
way is to work in the coset of the D, ,, algebra by the left ideal Zy4y.
We consider now the open case with general diagonal boundary condition (3.9) for K ~ (u),
and K*(u) of the form:
) {]I for a, =0
K*(u) = MK @), with K@) =1 .
diag(k(u), 1,...,1) for a, =1,
where the function k(u) is defined in (5.4). The matrix K*(u) = M K (u) is the only solution
we can use to perform the NBA up to the end (see remarks 6.1 and 6.2 below). We decompose
the monodromy matrix in the following form (in the End(C™*") auxiliary space),

d B®
D) = (Chl)((b;)) D<2>EZ;) ’ 6.1)

where BM (u) (resp. C 1V (u)) is a row (resp. column) vector of C™™~! and D@ (u) is a matrix
of End(C™"").

Then, D® (u) is itself decomposed in the same way, and more generally, for a given k in
{1,..., m+n — 2}, we gather the generators dy;(u), (resp. djx(u)) j =k+1,...,n+m,ina
row (resp. column) vector of C™"~* and dij(u), 1, j > k, into a matrix of End(C™" ).

m+n m+n
BOwy = Y e @dju) and  CPw) =) e @dpw), 6.2)
Jj=k+1 Jj=k+1
D*Vw) = Y E;®dijw), (6.3)
i,j=k+1
duw)  BY ()
(k) _ kk
b (”‘)_<C<k>(u) D*D ) ©®

We decompose the transfer matrix in the same way:
d) =dVw) = (=D"mik@dii @) +d? @),
d® @) = se(MP DY W) = (=DM md (u) + d* (), (6.5)
M® = 10 p® (6.6)

At each step of the recursion, we make a transformation of the operator and a shift of the

spectral parameter:
die ™) = dyy (), BOw®) = BO ), 6
D&V @®y = DED () + 4 ()Y @ diy (). '
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The commutation relations for these operators remain similar for each k:

)[k] Clk+l(“ U(k ) =

BE) N Rk) (k+1)
4, p®) B, () B, )Ry, (u, v), (6.8)

BOw)BP (v) = (-1
i () B (v) = i (u, v) By (V)i () + gi (u, v) B (u)dyi (v)
hr(u, v) ~ (k+1)

+
er+1(V)

B wystr,(MEDR,, ™ (v, ) DD ()R (v, v)), 6.9)
strg (MEVDED ) B (v) = Brat (1, v) et ) By ()l (v)
N i1 (U, V) e (u) =
ers1 (V)
+Fie1 (, V) BE (v) str, (MEVR,

(k+1)

B(k)(u) stry, (M(k+1)R ( )D(k+1) (U)R(k+1)(v, U))

(k+1)( )D(k+l)(u)R(k+1)(u’ v)). (6.10)

Remark 6.1. The commutation relations (6.9) and (6.10) impose the restriction on the K*(u)
matrix. The direct use of the reflection equation leads to a matrix E(Hl)(u u) in (6.9) and

(6.10). The change @g:l)(u, u) — (k+ )(v v) in the commutation relation is allowed by
equality (B.5) which shows that the dependence in u is a scalar function. If the K* (1) matrix
is not from a NABA couple, equation (B.5) cannot be used to get (6.9) and (6.10) in their
present form. Without this form, the nesting cannot be performed (see also remark 6.2).

Ateach step k = 1,...,m+n — 1 of the nesting, we will introduce a family of Bethe
parameters uy;, j = 1, ..., My, the number M; of these parameters being a free integer. The
partial unions of these families will be denoted as

¢
{W}=U{Mij,j=1,~--7Mi}, 6.11)
i=1
so that the whole family of Bethe parameters is {u} = {umin—1}-

6.2. First step of the construction

From the definition of the highest weight, C")(u) annihilates the pseudo-vacuum  and we
can use BV (u) as a creation operator. However, since B" (1) contains only d; ; () operators,
it is clear that we need to act on several vectors to describe the whole representation with
highest weight 2. The NBA spirit is to construct these different vectors as Bethe vectors of a
D m—1n chain that is related to the chain we start with.

More generally, at each step k corresponding to the decomposition (6.4) of the monodromy
matrix and to the transformation of the operator of the corresponding algebra ©,_xn, we use
(a suitable refinement of) B® (u) as a creation operator acting on a set of (to be defined)
vectors. These vectors are constructed as Bethe vectors of a D _;_1n chain.

At the first step of the recursion, the Bethe vectors have the form

o({u®)) =BV ) --- B (u1m,) F O (uhe, (6.12)
al aMl al...ﬂMl
T(ll) 1 ({M}) € ((C 7l\n)®M1 ®©m71|n7 (613)
Lll...(lMl

where F;ll) i ({u}) is built from operators ZZ\,, ),2 <i < j<m+nonly. Since B (u)
lal,
belongs to c™ it @ D m|n, we have introduced in the construction M; additional auxiliary
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spaces (labelled all, ..., a llvh) that are also carried by /ﬁ(ll ) . ({u}). These new auxiliary
al...aM
spaces take care of the linear combination one has to do between the different generators
dyj(u), j =2,..., m+n, that enter into the constructlon
Since Fa(l” an ({u}) is built up from operators d;j(u),2 < i < j < m+n, it obeys the
relation (proven i in a more general context in theorem 3.1):
dyFE,, WhHe=Krwr,, (uhe. (6.14)
The transfer matrix is decomposed into
dwM)y = @, (w)dy () +d® W) with d? () = str,(MPDP (u)) (6.15)
() = (=DM k@) + ste(MP )y (u V). (6.16)

The action of dy; () on ®({u'"}) takes the form

M, M,
dn@@({u}) = Ay @) [ [ i, w) @)+ M s ur DAy 1))@, {u})

i=1 j=1

M,
+ N DB ) -+ B @) - B (wiw,)

j=1
x d? (s fmHEL ,, (uhe, (6.17)
with
d bi(u, u1)) 1o~
M {ur)) = @i, wn) [ [ fr@uoury)  and NG {u)) = L( ‘)’ [ 1R, uip.
i) U7 i
The action of 42 (u) on ®({u}) takes the form
M,
d? @@ (u ) = [0, w1 )BS @) - B (wan,)d® @w; (i HEL,, (uhHQ
j=1
M,
+ Py (w DB (un) -+ B @) -+ B (i, ) (w3 {ur)
j=1
M1 .
x FD () Q4+ D" 0w fun DA (1)@ ({u)), (6.18)
j=1
with

Py ) = BL0RW

e i
~ Ml

Q; (s fur)) = ba(u, ur)er @) [ | fiwrj, uni),
i#j

where @;({u}) is deduced from ®({u}) by the change u;; — u. These expressions
are computed as has been done in section 5: Nj(u; {u1}), My(u; {u1}), Py(u; {u;}) and
Q1 (u; {u,}) are easy to compute; the other terms are obtained through a reordering of the
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operators BM (u1;), using the reordering lemma 6.1 and the Yang—Baxter equation. We also
used the notation:

—

M M

~ —(2) -~

d® (s fur)) = sty | MO [ [ Ry, e, us )DP ) [ TR, ur) | - (6.19)
j=1 j=1

Remark 6.2. The fact that the wanted and unwanted terms contain the same operator d® (but
at different values u and u ;) allows one to continue the nesting. In this way, the diagonalization
of this operator allows us at the same time to compute the eigenvalue and to show that the
unwanted terms cancel (when the Bethe ansatz equations are obeyed). The apparition of this
operator in the unwanted terms is directly related to the present form of the commutation
relations (6.9) and (6.10), see remark 6.1. Hence the need of a NABA couple to perform the
nesting.

As already mentioned, the calculation makes a new transfer matrix d® (u; {u}) appear
corresponding to a ®n_qn chain with L + M; sites, the M, additional sites corresponding
to fundamental representations of D_1n. This interpretation is supported by theorem 3.1
which ensures that D® (u; {u}) generates Dy, 1, and that @ (u; {u,}) is indeed the transfer
matrix of an 1ntegrable spin chain. Then, if we assume that F}"  ({u})$2 is an eigenvector
of this new transfer matrix,

d?@; (wHE ,, (whHe=T?wF, (uhe, (6.20)
we deduce
o~ -~ M]
din@®{u}) = Ay ) [ 16, ui) @ ({u})
i=1
M, R ~
+ Y (M s fur DA () + N s DT )@ (fu)), (6.21)
j=1
~ Ml ~
d? @ {u}) =T w) [ [fa. ui)@(u})
j=1
M] ~ R
+ Y (P iy DTP () + Q; (us {ur DAy ()P ({u)). (6.22)

j=1

Gathering these relations together, we get a first expression of the action of d(u) on @ ({u}).
When we cancel in this expression the unwanted terms (carried by ®;({u})), we get the first
system of Bethe equations:

~A1(M1j) _ x1(uij) 1—[ fz(uljv uii) 6.23)
F@ @) ealuy) | fl(ulj,ulz
We also get a first expression of the transfer matrix eigenvalue:
M, M,
AV {uh) = | F@A @) [ [ wm) + T [ [Fia uy) | oduh. (6.24)

j=1 j=1

In the above relations, ey\erything is known but the eigenvalue re (1), introduced in (6.20),
and the explicit form of F (11 ) . ({u}) ensuring that (6.20) is indeed satisfied.
a] ...aM]
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Thus, at the end of this first recursion step, we have ‘reduced’ the problem of computing
an eigenvector ® ({u}) for the transfer matrix d () of a ® ), chain with L sites to the problem

of computing an eigenvector ® ({u}) = Fa(,l) o (uhs2 for the transfer matrix d2 (u; {ur})
1@y

of a Dy _1jn chain with L + M, sites.

Remark 6.3 (change of notation). To avoid too complicated a notation for the second step,
we need to slightly change the notation at the end of the first step. First, we rename the
hatted operators ?(u) — X (u), although they still have the spectral parameter shift and the
operator transformation coming from the first step. Second, we omit the tilde on operators,
X (u) — X (u), keeping in mind that the new operators X (1) have M| sites more than the one
of the previous step. In this way, we will be able to re-use the ‘hatted’ and ‘tilded’” notations
for the transformations used in the second step.

This will be the general approach at each step: at the end of step k, we will perform a

change of notation, suppressing the hats and tildes on operators, to use them again in step
k+1.

It remains to single out the highest weights corresponding to the fundamental
representations carried by the new sites. This is done in the following way

oV ({u) = F,),,, (uhe,

6.25
() = B2 (a0 BY g an) S . tuper®,
) M2
Q® = (M)*" 2, (6.26)
where ¢! = (1,0,...,00 € C™'™ and F? , ({u}) is built on operators d;; (u®; {u;}),
al“‘aMz

with j > i > 2. The operators B® (u; {u,}) play the role, for the Dm—1jn chain of length
L + M, of the operators B) (u) for the D, chain of length L. Explicitly, they are obtained
from the decomposition (6.4) of the monodromy matrix.

6.3. General step

More generally, the step k starts with the problem
d s - DOV () = TP @“ " (fu)), (6.27)

where d® (u; {ug_1}) = str(M® D® (u; {uy_1})) is the transfer matrix of a Dpy_g_1n Spin
chain of length L + ZIJ‘;% M ; (obtained from the previous step). We recall that hats and tildes
have been suppressed, according to remark 6.3, including for the function I'® (). We define

*V(up) = Fin’ o @uhQ*Y =BY (i F L, duhe®. (6.28)
QW) = (k)M @ Qb (6.29)

with eik) =(1,0,...,0) € C™*" We have introduced
BY ({ue}) = BY (s et ) -+ BY i, (e ). (6.30)
1 My
where the operators are extracted from the monodromy matrix, see equation (6.4).

Remark 6.4. In (6.30), we have indicated only the auxiliary spaces af ,j=1,..., M.
In fact, since D® (u; {uy_}) is viewed as the monodromy matrix of a spin chain of length
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L+ Zk : | M;, the other spaces a ,j=1,..., My £ < k, are now quantum spaces. Thus,

they do not appear explicitly in D(k) as the sites of the original spin chain, but obviously this

monodromy matrix (and its components) does depend on all these spaces.

We extract from d® (u; {ux_;}) the component dy (ue; {uz—1}):
d® (u; {ug—1})) = (=D mydy s (ug—1}) + ste MY DD (s fuiy ).
Now we must transform the operator:
die®) = d (u), B®u®) =BY w),
DD ®y = DX () + Y (u®)di ()1
The transfer matrix d® (u®; {u;_,}) is rewritten as
d (s {ug—1}) = W@ du s {ug—1}) +steM D DED s {ug_1})),
My () = (=)W my + str (M) @),

and the Bethe vector:

CI)(k_l)({M}) = @(k)({uk})?a(’?.)..ax, ({u})Q(k)’

~(k ~ ~
B (fu)) = B (i w1 }) -+ BY (a1 ).
1 My

Now we can compute the action of the transfer matrix on this vector.

(6.31)

(6.32)

(6.33)
(6.34)

(6.35)
(6.36)

We first

commute czck(u; {ur_1}) and EJ\("”)(M; {up_1}) = str(M(k)lA)(k“)(u; {ur_1})) with the operator

B ({we):

My
duc e D@D () = T e, ) B ()i fuimn W ({ue))

j=1
+ 37 My e DB s ) g -1 ) 0O ({u))
j=1

My
+ 3 N e DB s (e (g ) 0P ({u)),
j=1

My
d%D s (- DXV () = [ Tt s 1) B (o) @* 0 (i) 9P ()

j=1

My
+ 3 P (e DB (s fue AV (g (1)) 0P ()

j=1

My
#3705 {uea DB s () da (g {ue D O® (),
j=I1
where we have introduced:
O up =FP , (uphe®,
ap..dyy,

(k+1)

(6.37)

(6.38)

" W
A" (s {we}) = strg | MV ]‘[R ) | DIV s ) | TR @, i)
=1 J

J=1
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The functions M;, N;, P; and Q; are the same as in the first step (section 6.2) but with indices
1 — k on functions and Bethe roots. We use the following reordering lemma:

Lemma 6.1. Foreachk =1,..., m+n—1land j=1,..., My, we have

k ~
BY (fu })—B“)<ukj)B<k><uk1) B“.(uk,oB,H(uk,H) B (uem)

[j|a1+1( o ”1(5)) (k+1)
xH( ) T R G, uiy), (6.39)
(ukz ’ uk])

where the dependence in {uy_1} has been omitted in E;,k).
Proof. Direct calculation using the commutation relations (6.8)—(6.10). O

We now compute the action of L’Z\kk(u,;\{uk_l}) and d®D (u; {ur}) on F®({u})Q®. These
actions follow from theorem 3.1. For dy (u; {ux—1}) we have

dia (s {ur DFO (uhQ® = Ay (u; {1 DF P (fuh Q. (6.40)

It remains to do the same for d**V (u; {uy}). It corresponds to a new monodromy matrix

— —

BED (s {ug)) —HR(ktl)(u ) DED (s {uy 1})HR(k+1)(u Ug;)- (6.41)

Jj=1 j=1
It also satisfies the reflection equation, see theorem 3.1, so that the problem is integrable, and
defines a ®,_gn spin chain, with L + ZI;ZI M; sites.
We get a new eigenvalue problem:
A%V w; ()P ({u)) = TV ) o® ({u)). (6.42)

Assuming the form (6.42), we can show, following the same lines as in the first step, that
®* =D ({u}) is a transfer matrix eigenvector provided the kth system of Bethe equations,

o~ M, ~
Ay (uij; {ug—1}) _ xlugg) T Fret (g, Ugi) (6.43)
DD s {ur))  erar () i fi(upj, ugi) '
is obeyed. We also get an expression for T'*) (u) the eigenvalue of d® (u):
My
IO () = @) | [ fel, we) Deus fug- 1})+1_[fk+1<u )T (s ). (6.44)
Jj=1 Jj=1

6.4. End of induction

To end the recursion, we use the m + n = 2 case and remark that

T™™ () = Ay (8, {Uman_2))- (6.45)

Using the shift notation, u(k D= (@YD YD for k < 1, we deduce from (6.45) that
Tis expressed in terms of A:

Tl s2emim=by — &5 g ®2mm=Dy R @ ) Feer ()
m+n—1 —1
+ Z fitg (u =Dy R (G m=D g YT (i) 1_[ ﬁp(“)
{=k+2 p=k+1
m+n—1
+ (=D 0 A (3 {tmin2}) [ ] Fp@), (6.46)
p=k+1
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where we have introduced

M,
.7:[(1/{) — l_[ fe(u(e+1...n+m71)’ u@j)v

j=1

M,
Fo) = [ ] Ferr "m0 ), Cefk.. . m+n—1},
j=1
with the convention u*-) = y if k > [. It remains to compute the values Ay (u; {uz_1}):

Lemma 6.2. The eigenvalue Kk(u; {ur_1}) oft’i\kk(u; {ur_1}) on Q=D js given by
k=2 M,

MWW%MHHTmTﬂ
14

El—l

—Ak(u)l_[m k=1,...,m+n, (6.47)

where we have used dkk )2 = Ak(u)Q with

k—1
Kk(l/{) — Ak(u(lk)) _ Zqz(k—l—i)—4zf:_il+|[l]l/ji((u(k))(i))Ai (u(]k)) (648)
i=1

Proof. First we introduce a useful property between coproduct and supertrace:
str, (A(DP ) = A(stra (DX w))). (6.50)

It is obvious because supertrace and coproduct do not act in the same space. We recall the
fundamental representation evaluation map for the A, _j4q)n algebra:

Am_is1jn ® End(C™")  —  End(C™ ") @ End(C™™)

7O W) > RYw, a) 6.51)
(T @)™ > R®, ).

We also need the representation of An_g41jn induced by the inclusion Agy_giijn <
Am—p+ijn, p < k. From the identity

T® () = O (7P (g (P#1--0)) [ 6.52)
we can deduce the form of 77"’ ((T® (u)) in the fundamental representation of Ay, _ prn
(id ® nlgp))(T(k) (1)) = H(k) (id ® j_[lgp))(T(p)(u(p+1...k)))ﬂ(lk) _ H(lk)ﬁ(lg)(u(pﬂ...k)’ v)Hik)
=R w0 ), (6.53)

The last equality is just the definition of R;” (-9, v), see (2.15).
Hence, using theorem 3.3, we can rewrite the monodromy operator D(ﬁk“) (u; {ur—1}) as

w; M
~ —(k+1) o~
DD s i) = | [ Raat o) | DIV s ) | TTRYS" s i)
j=1 =t '
= (id ® (wk+)®= ‘)oAM"(D(k“)(u {ue—1})), (6.54)
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while the operator fcf,g? (u) takes the form:

38w ) = (4 ® ((20™) 7)) 0 AT (@0 w). (659)

U pi

Now acting on the highest weight Q*~1 and using lemma 3.2, we find the following result:

- Mp Z’I‘,= p
3902 = (id ® (7)) %) (1L WP ew)® " ©dY ek,

uip

(6.56)
We have from the definition of R matrices and Q*—D,
(P+1k) o NE(, (prlk) .
7D (0 P )t b = UL VT ) g
v ap+1 (u(p+l..,k), Mip)apﬂ (u(p+l...k), uip) (657)

k k 1(k k—1 k1
2O 1P WP ww))Q*H = kD,

that leads to the result (6.47). The eigenvalue (6.48) is computed directly from theorem 3.1.
To obtain the form (6.49), one uses the equalities (4.38), (4.39) and the identity (B.10). [

From the expression given in lemma 6.2, one deduces that

’ﬁ(k+l)(u(k+2...n+m—l)) — ﬁik+1 (M(k+2...n+m—1))7\\“1 (u(k+2.“n+m—l))]_-k+1 (u)
m+n—1
+ Z T’ﬁg(u(l+1mn+m_l))A[(u(z+l"'n+m_l)).7:[(u).7:]71(u)
{=k+2
+ (=D 0 A ) Pt (0) = (6.58)
=1 Fe(u)
Let us note that since b(u, u) = 0, equation (6.58) implies that
D () =0, for j=1,....,My;; £=1,.... k-1, (6.59)
k-1
T ) = Mg (10ag) Aers ) Fio ( u/((/;+z el l_[ 7(“2 ==
e=1 Fear(uy;
for j=1,..., M. (6.60)

6.5. Final form of Bethe vectors, eigenvalues and equations

Using expressions (6.59), (6.60), and the value of Kk (u; {u®}) given in lemma 6.2, one can
recast the Bethe equations (6.43) in their final form:

-~ (k M, M ~

Ay (uj) mk+1(“k, ) Xk () l—ll T feet (i, ki)
-~ k+1 (k) . .
Ak“(ul((;r ) et (Ugj) it Ty s ur1.i) ik Fr(ugj, uri)

M
><]_[fk+1 luk+1,) j=1,..., My, k=1,...,m+n—1, (6.61)

with the convention My = My = 0. The number of parameter families is m + n — 1.
We checked that using the weights (4.3), (4.5) and the functions given in appendix B, one
reproduces the BAEs already computed, in e.g. [6, 12, 17], and also the general forms given in
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[13—15]. In particular, for the fundamental weight © = (1,0, ..., 0), we recovers the BAEs
for a spin chain with fundamental representations. For instance, for the case of ¢4, (2|2), which

may be of some relevance in the context of AdS/CFT correspondence, one obtains (for L sites
with evaluation parameter b;, a, = 1 and a_ = 2)

1

) 1 L 1 b 1 ) 1 q 2
C+t1iq? ey l_[ (b,-q2 o 2)(141,!)[]2 _b,-u],-)
uu 1 e, e

4 wd 7=l (Jq

)
(uuul,q — )
u

X l 1 T s 1 = 1, ,M]
- Uj —5 _ Uz s — 42
j=1 (ul,-q ? uhq )(“21“11q2 iy u“)
j
|
. 1 1 1 2
2 1 My (Hap—7 Mg -7 — 4
Us,q =~ — —q( 1)M2+] 1—[ (ul,-q 2,CI )(uljl'iqu ul,uz,)
-2 2 2 1 1 1
U,  —Cc_ . uy 5 Lj 3 q 2
2i q j= (qu — Eq 2)(u11u2,q2 — ulju2i)
_1
My (Yig—5 _ Mgy gt — 42
(uZiq : u3/q2)(u31u2lq2 u3ju2,') 1 M
X 1 =
L uz; 1 _1 _1 g7 v 2
= (g — 22q72) (usjuaiq ™2 — ug,.uz[)
|
My (agy _ M2—; ;42
1 1—[ (uzjqz M3[q 2)(“21113161 uzjug,)
1 = ]
. uy  —1L usj 1 q?2
j=1 (th : = u_3jq2)(u2]u3lq 2= L¢2,143i)
My (usi—1 _ 43j a4
e )
— = 3.
Usj =1 M R Y
J# (MSiq usjq)(u3’u3/q Msiusj)

The transfer matrix eigenvalues are obtained from (6.58), remarking that A (u®) = T® (u):

m+n
A(u(l‘“m“l_l)) — Zﬁik(u(k+l...m+n—1))Kk(u(k+l...m+n—1))
k=1
My
k+1.. 1 k+1.. 1
X ku“ D ) T Fe@® T gy ), (6.62)
j=1 j=1

Min @) = (D™,

The Bethe equations (6.61) ensure that A () is analytical, in accordance with the analytical
Bethe ansatz. The Bethe vectors take the form:

®({u}) = B (ur) - BY) (1w E),, (uh<,

aip...amp

—~ A(m+m—1)

1 1 )
Bs}w)( ())B (u21) - - 2 (ule) Ba;;m—l (”n+m—1,M)SZ(“+m 0y

(6.63)

We recall the notation M = an "M M;, QP = (eﬁk_l))®Mk" ® Q*-D QM) = Q and the
auxiliary spaces are indicated according to remark 6.4.

e
= B;ll)(u”)...
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7. Bethe vectors

We present here a generalization to open spin chains of the recursion and trace formulae for
Bethe vectors, obtained in [35, 36] (see also [16]) for closed spin chains. To our knowledge,
this presentation for open spin chains is entirely new.

7.1. Recursion formula for Bethe vectors

From expression (6.63), we can extract a recurrent form for the Bethe vectors,

@™ (uh) = By i) -+ By (s ) W) (@377 (e D), (7.1)
Uy =vPo (@], @ @md) oAt (1.2)

where 7, is the fundamental representation evaluation homomorphism normalized as in (6.51),
v® is the application of the highest weight vector egk_l

v (xQED) = x (V)M @ QD = xQb), (7.3)
and  is the morphism
Qm—]\n - z)mln/l'l
dijw) = dist @)
If we denote by [.]wn the grading used in the D, superalgebra, the mapping = corresponds
to the identification [ jlqm—1jn = [J + 1]mn-
Remark that since all the operators in (7.1) apply on the pseudo-vacuum, one can consider

the operators built from 7 as belonging to ® ), instead of D, /Z;. So by induction we build
the Bethe vectors from D, generators and R-matrices in auxiliary spaces.

(7.4)

7.2. Supertrace formula for Bethe vectors

We can also write the Bethe vector into a supertrace formula and prove the equivalence with
the recursion relation discussed above.

Theorem 7.1. The Bethe vector (7.1) admits a supertrace formulation. We denote by Ay; .. .;

Amin—1 the ordered sequence of auxiliary spaces all, e, a}ul K alz, R a%,lz; o
m+n—1 m+n—1
a e Ay

m+n—1

A(l) n+m
@‘,L:“‘({u})=<—1>G'strAl,..Am+n1<” B (uhEEMmm .. ®E®M1)Q’ 7
i=1

where
(l) (i) i i
(s })—HR,;,Q (i1} i) D i) Ry | (it} i), (7.6)
j=1
n+m—2
M;(M; +1) .
Gy = Z —— il (1.7)
i=k
(l) (@i b) d—
o (w1}, u,,)—]_[]_[R o (g, w70, (1.8)
b<i c=1
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(—Mh

R;?.A«_({ui i} u,j)_]_[]—[R““) DD ). (7.9)

b<i c=1

Proof. Equivalence is proven along the following lines. Starting from expression (7.5), we
can extract the M auxiliary spaces corresponding to the first step of the nested Bethe ansatz:

O™ ((u)) = (=) Wistry, [ﬁff({um x (1%

m+n—1
O n+m-— & P
X StrAz___Amml( l_[ }D)Ali({u,-})Ef’Jf‘:1 n+m [ ® - ® E%Mz) ® E%M1j| ® Q.

Using the isomorphism End(C™") ~ C™" @ C™™", one can rewrite, for any A(v), the
supertrace with an E,; matrix as

m+n
st(DV AW Exn) = Y (¢h @} @) () Av)(e1 @ 2 @ 1),

j=I

= (—DMHIABD ) A(v)(er @ 1). (7.10)
Using formula (7.10) for the auxiliary spaces 1, ..., M|, and remarking that the case j, = 1
fora =1, ..., M, does not contribute, we obtain

O3 () = B,y (unn) - By (uian) (1D
1

m+n—1
A() n+m g
X St A, Ay ( [T B upeSn, - ®E§‘3M2) Q@ (711
i=2
To end the proof, we remark that

m+n—1

NG n+m g
(_1)G2 S Ay Amin ( l—[ ]D)Al, ({ul})Efﬁ ﬂ-HT]L 1 R E_%A/h) 9(2)
i=2

=W (@5 (uen))

which allows us to recover the form (7.2). O

Remark 7.1 (conjecture). Although theorem 7.1 has been proven only when K*(u) belongs
to a NABA couple, expression (7.5) does not depend on K*(u): we conjecture that this
expression is valid for any couple of diagonal K * («) matrices. This conjecture is supported
by the fact that the analytical Bethe ansatz is known to work for any diagonal boundary
matrices.

7.3. Examples of Bethe vectors

To illustrate the supertrace formula, we present here some explicit examples of Bethe vectors
associated with small numbers of excitations.

Bethe vectors of Dy withn +m = 2 and M = M. We reproduce here the well-known case
obtained with algebraic Bethe ansatz (see also section 5).

®2,({u)) = (—DOMAZD ) - - dY @i Q. (7.12)

Note that this expression is also valid when n +m > 2, setting M| = M and My =0,k > 1.
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Bethe vectors of Dpn withn+m =3, M, = 1and M, = 1.

b(uir, uz)
@} ({u)) = (w3 20 20 0 g 32 (ur)Q
ar(uyy, uz1)

+(_1)[]]+[2]+[3]_h(1421, upy) 13Uy, Uzr)
ax(uzr, urn) az(uin, uzn)
+(_1)[1]1’0_23(M21, ui) bui, uz) a0 )2 (42 €.
a(uar, uin) ax(ury, uzp)

Again, this expression is also valid when n + m > 3, setting M; =0,k > 2.
We also computed the Bethe vectors corresponding to M| = M, = M3 = 1 and M =0,
k > 3. Their expression is rather long, with 11 different terms: we do not write it here

explicitly.

Zlf%)(1411)6/1\522)0!21)9

8. Conclusion

In this paper, we have proposed a global treatment of the NBA for universal transfer matrices
of open spin chains with NABA couple of boundary matrices. The modification of the nested
Bethe ansatz applicable to diagonal boundary matrices that do not form a NABA couple
remains to be found. Since the analytical Bethe ansatz can be performed in this case, such a
refinement should be possible.

We have computed a trace formula for the Bethe vector of the open chain. This formulation
could be a starting point for the investigation of the quantized Knizhnik—Zamolodchikov
equation following the work [37]. For such a purpose, the coproduct properties of Bethe
vectors for open spin chains remain to be studied. Defining a scalar product and computing
the norm of these Bethe vectors is also a point of fundamental interest.

From a different point of view, this trace formula and the mapping between the reflection
algebras of different sizes could be the starting point for the construction of a Drinfeld’s current
realization [21] for the reflection algebra in the spirit of [38] on the current realization of the
Bethe vector for the periodic case.

The case of open spin chains with general boundary matrices is also a subject of
fundamental interest. A deeper understanding of representations of reflection algebras when
the K matrix is not diagonal may be of some help. Alternatively, a different approach using
another presentation of the reflection algebra could be the clue to go beyond the results obtained
so far. Some works have been done for the m + n = 2 case in [7], but the general treatment
for universal transfer matrices remains an open problem. The functional approach developed
in [8] for m + n = 2 also deserves a generalization, both for universal transfer matrices, and
for bigger algebras.

Appendix A. R and M matrices

We recall the general form of the R-matrices we used in the paper [16]. Note we use a more
compact form:

m+n
Rip(u,v) =bu, )II+ Z nij (u, V) Eij ® Eji, (A1)
i.j=1
_Jai(u,v) — b(u, v) for i=
ml] (M, U) - {cij(u7 v) otherwise,
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R]z(u, U) = Rlz(u, L(U)) = B(u, U)H QI+ Z tﬁ,‘j(u, U)E,‘j ® Ej,‘. (A2)

ij=1
The functions involved in these expressions are given by (with the convention Y(m) =
Y (m|0), U, (m) = U, (m|0) and [b] = 0, V b, in these two cases):

For Y (m|n):
b(u,v) =u —v; G, ) =u—v—(—=D"n and wuu,v)=—(=DPn  (A3)
b(u,v) = u+v; G, v)=u+v—(=Dn and wuwu,v)=—(—DPR (A4

Fori//l;(mm):

v
b(u, v) = = — G, v) = —g' 72l — L2l (A5)
voou v u
b ) u\ sign(b—a)
and wa )= (DMg—g)(Z) . a#b (A.6)
v
T 1 = 1-2[a] 1 2[al—1
b(u,v) =uv — —; 0, (u, v) = uvg - —q (A.7)
uv uv
and 10,5 (u, v) = (=D (g — 7" (wv)& =, a#b. (A.8)
The matrix M is a diagonal matrix:
min m; =1 for Y(m|n)
M:ZW& with . . (A.9)
P m; = qm7n72k+lq72[k1+4zi:,[zj for uq (mn).

Appendix B. Functions appearing in NBA

The functions are constructed from the three functions appearing in the R-matrix, whose
explicit forms are given in equations (A.3)—(A.8) above:

a; (v, u)b(u, v®) A1 (u, V)01 (1, V)

fi(uvv) = b(U,M)E(I/t, v) 5 fi+l(u’ v) = b(u,y)ﬁ(u,v)

Gio1i(u, )bV, 00 (i1+1i+1] Skt (U, V)T (e, 1)
i, v) = = . O ,v) = —(— 1)L+ _ B.1
6 ) = by e =D T
b, v) = G-, 0 B v) = Ciati @O, VD) (u, Wb, 0 D)
i ) —_ T - < i+ ] —

b(u, v) bu, w)b(v, v)b(u, v)

We also use (presented here for Apyn = Ijlq (m|n); for Apmjn = Y (m|n) one hastosetg = 1 in
the relations below)
Civ1i (u, u)
Yi(u) = = (B.2)

a; (u, u)
_2[k]-1 B(u’ u)

bu®, y®)
_2lk]l-1 _b(”» u)

b(u®, u®)

n(,cy) for k=1 and a=1
xk () = (B.3)

else
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b, u®D)

= — _ B.4
ni(u, cy) 5@, uE) (B.4)
€k (u)H,(,k) =tr, (Mék)Rgz) (u, u)R,(,];) (u, u))
h (k... ) (k... )
= ¢t g 2 S D b(u n_”" sutm )Hék) (B.5)
ay (u, u)
~ 1-2[k] ﬁk+1(u, u)ek+1 (M)
M) =g MR A A for k # 1. (B.6)
b(u, u)
The following useful relations are used in the paper:

b, v)a; D, v = a;(u, v)a;u, v) — 10y, V)W ; U, v), i # J, (B.7)
b, v ™, v®) = vy (u, V)ag (u, v) — Wik, V)1 (1, V), i=izko o
b(um, U(T)) = a;(u, v), .
a;(u, v) — 1 (u, v) = bu, v)g*4I=HERUD, (B.9)
1 @) = i @) — g @) @), (B.10)
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